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1 Why 3-dimensional gravity ?

Three-dimensional field theories have a number of unique features, the massless
states do not carry helicity, so that the associated degrees of freedom can gener-
ally be described by scalar fields. Pure gravity and supergravity are topological
theories and do not give rise to physical (i.e. propagating) degrees of freedom.
Apart from conical singularities at the location of matter sources, space-time
is flat. A further motivation for studying three-dimensional supergravity is the
important role it plays in the construction of two-dimensional supergravity the-
ories via dimensional reduction.

In 2+1 dimensions, the Weyl tensor vanishes identically, and the full cur-
vature tensor is determined algebraically by the curvature scalar and the Ricci
tensor:

Rµνρσ = gµρRνσ + gνσRµσ − gνρRµσ − gµσRνρ −
1

2
(gµρgνσ − gµσgνρ)R (1)

In particular, this implies that any particular solution of the vacuum Einstein
field equations is flat, and that any solution of the field equatiuons wirth a
cosmological constant has constant curvature.

Rµν = 2Λgµν (2)

Physically a 3-dimensiaonal spacetime has local degrees of freedom, ie there are
no gravitational waves in the classical theory and no gravitons in the quantum
theory.

2 Degrees of Freedom

3d N=1 supergravity, for On-shell has the multiplet {eaµ, ψαµ}, with no degrees
of freedom. Since on shell degree of freedom for gravitino and graviton are,

(d− 1)(d− 2)/2− 1 = 0 Graviton (d− 3)2[d/2]/2 = 0 Gravitino (3)
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However for the offshell case , we have the following degrees of freedom,

(d)(d− 1)/2 = 3 Graviton (d− 1)2[d/2] = 4 Gravitino (4)

Since the degrees of freedom do not match, for off-shell we need to add another
bosonic degree of freedom in the form of an auxiliary field S. Thus the off-shell
multiplet is {eaµ, ψαµ , S}.

3 Gamma Identites

We will take our 3d metric to be mostly plus,

ηµν = diag(−1, 1, 1) (5)

We will use (m,n,..) for flat space indices and (µ, ν, .) for curved space indices.
For the three dimensional gamma matrices we choose the following representa-
tion,

(γ0)αβ = −iσ2 (γ1)αβ = σ1 (γ2)αβ = σ3 (6)

Upper and Lower Gamma matrices are given by,

γµ = {−1,−σ3, σ1} (7)

γµ = {1, σ3,−σ1} (8)

In 3 dimensions the gamma matrices are particularly simple and take the form
of levi civita,

γmnp = −εmnp (9)

with curved indices ε becomes a density.

eγµνρ = −εµνρ (10)

εµνργρ = −γ[µγν] (11)

Contraction between ε of different indices is given as,

εµνρεmnr = −6ee[µme
ν
ne
ρ]
r (12)

γmn = −εmnrγr (13)

We would also need the use of following identities

εµνργρ = −γ[µγν] (14)

γµγργσ = γ[µγργσ] + ηµργσ + ηρσγµ − ηµσγρ (15)
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4 The Action

The Full ”pure supergravity” action(on-shell) for D=3 N=1 Supergravity is
given by,

S =
−1

8k2

∫
d3xeR− 1

2

∫
d3xeΨ̄γµνρDν(ω)Ψρ (16)

The Ricci Scalar written in terms of veilbein indices is,

R = R mn
µν (ω)eνme

µ
n (17)

The Riemann tensor in terms of spin connection is given as,

R mn
µν (ω) = ∂µω

mn
ν − ∂νωmnµ + ωmpµ ωpnν − ωmpν ωpnµ (18)

The covariant derivative is defined as ,

DnuΨρ = ∂νΨρ +
1

4
ωmnnu γmnΨρ (19)

In the action κ2 is the gravitational constant with mass dimensions -1 in 3
dimensions. Also e = det(emµ ) =

√
−g.

The supersymmetric transformation for the graviton and gravitino field are,

δemµ = 2kε̄γmΨµ (20)

δΨµ =
1

κ
Dµ(ω)ε =

1

κ
(∂µε+

1

4
ωmnµ γmγnε) (21)

We will use these to check the supersymmetry invariance of the action.

5 SUSY Algebra

We will be using the 1.5 formulation. Using equations (9) the action of Gravitino
can be written as,

I2 =

∫
d3x

1

2
εµρσΨ̄µDρ(ω)Ψσ (22)

SUSY variation of this action gives us ,

δI3/2 =
1

κ

∫
d3xεµρσΨ̄µDρ(ω)Dσ(ω)ε =

1

8κ

∫
d3xεµρσΨ̄µR

mn
ρσ (ω)γmγnε (23)

We have used ,

[Dρ(ω)Dσ(ω)]ε =
1

4
Rmnρσ (ω)γmγnε (24)

Now using (9-13) we get,

εµνρRmnνρ γmn = −εµνρεmnrRmnνρ γr (25)

= +6eRmnνρ e
[µ
me

ν
ne
ρ]
r γ

r (26)

= 4eeµm(Rmρ −
1

2
Remρ )γreρr (27)
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From the bosonic bit of action we get, using δe = eνmδe
m
ν , we have,

δI2 = − 1

8κ2
Rmnµν (ω)δ[eeνme

µ
, ] =

1

4κ2

∫
d3xe(Rmν −

1

2
emν R)δeνm (28)

Thus we see that δI2 + δI3/2 = 0. Hence we have shown how the action is
invariant under supersymmetry.
Now we will calculate the local susy algebra, by requiring the closure of the
supersymmetry commutator on the vielbein, [δ1, δ2]emµ .

Since we are using the 1.5 formulation, we split ωmnµ (e, ψ) into the torsionless
part ωmnµ (e) and a torsion piece ωmnµ (ψ)

ωmnµ (e, ψ) = ωmnµ (e) + ωψµ (29)

By varying the action with respect to ω we get the solution of the torsion piece
as,

ωmnµ (ψ) = k2(ψ̄µγmψn − ψ̄µγnψm + ψ̄µγmψn) (30)

Upon calculating we find the supersymmetry commutator on the vielbein as,

[δ1, δ2]emµ = (∂µξ
ν)emν + ξν(∂µe

m
ν ) + [ξνωmnν (e, ψ)]eµm + [ωmµs − ωmsµ]ξs (31)

We can easily identify the General Coordinate transformation, Local Lorentz
and Supersymmetry pieces.

[δ1, δ2]emµ = δgc(ξ
ν) + δLL(ξνωmnν (e, ψ)) + δQ(−kξνψν) (32)

6 Off-Shell SUSY

We saw that the off shell multiplet has an additional scalar S(auxiliary scalar).
The addition to the action is,

Is =

∫
d3x(

1

2
eS2) (33)

Thus, the full off-shell action is given by,

S =
−1

8k2

∫
d3xeR− 1

2

∫
d3xeΨ̄γµνρDν(ω)Ψρ −

1

2

∫
d3x(eS2) (34)

The variation of Auxiliary S is given as,

δS = −κκ̄γ · ψS − 2

e
εµρσ ε̄γµDρ(ω)ψσ (35)

The variation of ψ also gets an additional term δadditionalψ = 2Sγµε. The
off-shell commutation on veilbein is given by,

[δ1, δ2]emµ = as before + 4κSε̄2γ
mγµε1 − (1↔ 2) (36)
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7 Matter Coupling and Massive Gravity stuff

There are three possible way of having massive gravity,

1. General Massive Gravity : This propagates two massive gravitons of he-
licity ±2, generically with different masses. Topologically Massive gravity
is a special case.

2. Scalar Massive Gravity : This is equivalent to a scalar field coupling the
gravity

3. New Topologically Massive Gravity : This is a model in which the Einstein-
Hilbert term is omitted. It involves a new scalar but turns out to propagate
a single helicity 2 mode.

Following from [3] Scalar Massive gravity can be written in form of the super-
symmetric non-linear sigma model is described by lagrangian,

Lmatter = −1

2
gij(φ){∂µφi∂µφj + χ̄iD(Γ)χj}+ Lχ4 (37)

The covariant derivative is defined as,

Dµ(Γ)χi = ∂µχ
i + Γijk∂µφ

jχk (38)

For N=1 connection would vanish and covariant derivative would just be a
normal derivative since For N=1 the metric on the manifold is just a constant.
Lχ4 is the quartic fermion bit.The full lagrangian is given by,

L =
1

κ
{Lsg + Lkin + LN + Lχ4} (39)

Here LN includes terms required for supercovariance of χi field equation.

8 Conclusion

So in this note we presented the pure D=3 N=1 Supergravity and explicitly
checked the supersymmetric invariance of the action. We also very briefly pre-
sented non-linear sigma model in D=3.
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